The authors propose a new route to vibrational Raman intensities based on analytical derivatives of a fully variational polarizability Lagrangian. The Lagrangian is constructed to recover the negative frequency-dependent polarizability of time-dependent Hartree-Fock or adiabatic ͑hybrid͒ density functional theory at its stationary point. By virtue of the variational principle, first-order polarizability derivatives can be computed without using derivative molecular orbital coefficients. As a result, the intensities of all Raman-active modes within the double harmonic approximation are obtained at approximately the same cost as the frequency-dependent polarizability itself. This corresponds to a reduction of the scaling of computational expense by one power of the system size compared to a force constant calculation and to previous implementations. Since the Raman intensity calculation is independent of the harmonic force constant calculation more, computationally demanding density functionals or basis sets may be used to compute the polarizability gradient without much affecting the total time required to compute a Raman spectrum. As illustrated for fullerene C 60 , the present approach considerably extends the domain of molecular vibrational Raman calculations at the ͑hybrid͒ density functional level. The accuracy of absolute and relative Raman intensities of benzene obtained using the PBE0 hybrid functional is assessed by comparison with experiment.
I. INTRODUCTION
Vibrational Raman spectroscopy is a widely used analytical tool in gas-phase and condensed-matter chemistry. 1, 2 Raman experiments provide a wealth of information on structure, conformations, and bonding which complements, e.g., infrared or nuclear magnetic resonance measurements. Modern spectroscopic techniques give access to wellresolved Raman spectra of larger systems such as fullerenes, nucleic acids, and proteins. [3] [4] [5] Assignment of such spectra to a specific molecular structure or conformation requires theoretical simulations. In the double harmonic approximation, there are two main ingredients for the latter. ͑i͒ ͑Harmonic͒ vibrational frequencies and normal modes; their computation is well established at various levels of sophistication. 6 ͑ii͒ First-order nuclear derivatives of the electronic polarizability at the excitation wavelength, 1, 7 giving rise to Raman intensities.
Here we report the first analytical implementation of first-order derivatives of molecular frequency-dependent polarizabilities in the time-dependent density functional 8, 9 framework. Previous work based on numerical derivatives with respect to nuclear coordinates [10] [11] [12] established the usefulness of time-dependent density functional theory ͑TD-DFT͒ for Raman intensities and emphasized the importance of frequency dependence. 11 Limitations of the finite difference approach are a linear growth of frequency-dependent polarizability calculations with system size and numerical instability. The present analytical method is based on a fully variational polarizability Lagrangian; analytical excited state energy calculations use similar techniques. 13, 14 Thus, derivative molecular orbital coefficients are avoided entirely, in contrast to previous analytical polarizability derivative implementations in the framework of time-dependent Hartree-Fock 15 ͑TDHF͒ or static Hartree-Fock theory. 16 As a result, the cost for a computation of all first-order polarizability derivatives differs only by a constant factor from the cost of a single-point polarizability calculation. The present Lagrangian approach to Raman intensities is not limited to density functional theory; it may as well be applied to correlated wave function methods, such as coupled cluster response theory ͑see Ref. 17 for a general formulation of variational Fourier component perturbation theory for wave function methods͒.
II. THEORY AND IMPLEMENTATION
We define the polarizability Lagrangian 19 the Lagrangian multipliers Z mn and W mn are introduced to make the MO coefficients C satisfy the ground state KS equations. 13 The superoperators ⌳ and ⌬ are
where ͑A ± B͒ are the electric and magnetic orbital rotation Hessians given in Ref. 13 . The external dipole perturbation enters the Lagrangian through the vectors ͉P k , Q k ͘, given by
in the dipole-length gauge. 
determining the first-order vectors ͉X k , Y k ͘. Efficient integraldirect algorithms to solve this linear problem are well established. 14 Equations determining the Lagrange multipliers Z mn and W mn follow from the stationarity condition with respect to the MO coefficients C, as described in Ref. 13 . The so-called Z-vector equation,
is a first-order static coupled-perturbed KS equation. The right-hand side R ia mn of Eq. ͑5͒ depends only on first-order response properties including the vectors ͉X k , Y k ͘ and the unrelaxed density matrices T pq mn , where
Here, ͑m ↔ n͒ stands for the preceding expression in braces with the indices m , n interchanged. Using the linear operators H + and H − ͑Ref. 13͒ and denoting the third functional derivative of the exchange-correlation functional by g xc , the right-hand side becomes
The relaxed one-particle density matrices P pq mn = T pq mn + Z pq mn quantify the first-order change of the mn polarizability component due to a change of the external potential. The remaining conditions determine the energy-weighted density matrices W mn related to a change of the overlap matrix, 
where h denotes the one-electron core Hamiltonian, V xc is the ground state exchange-correlation potential, f xc is the exchange-correlation kernel in the adiabatic approximation, S is the overlap matrix, and ͑ ͉ ͒ is an electron-repulsion integral in Mulliken notation. ͑͒ indicates that derivatives are taken at fixed MO coefficients. The effective two-particle density matrix ⌫ mn is given by
where D is the ground state KS density matrix and c x is the hybrid mixing coefficient. Equations ͑5͒-͑10͒ were implemented in the EGRAD module 13 of the TURBOMOLE program suite. 23 To illustrate the performance of our code we have computed the Raman spectrum of the buckminsterfullerene C 60 at 514 nm excitation frequency. A previous implementation based on finite differences of both ground state energy gradients and of dynamic polarizabilities required ϳ14 days on six 900 MHz single-processor Athlon personal computers. 12 We estimate that at least one-half of this time was spent to compute the polarizability gradient. A calculation using analytical second derivatives 24 along with the present analytical polarizability gradients required 3 h on a single CPU of a 2.4 GHz Opteron cluster node; the same functional and basis set as in Ref. 12 were employed. After correction for the different floating point performances ͓ratio of the SpecFP CPU 2000 ͑Ref. 25͒ values= 7͔, this amounts to a speedup of two orders of magnitude in the total computation time. 27 We have chosen benzene since absolute Raman scattering cross sections for all Raman-active modes are known from gas-phase measurements for this system. On the other hand, relative intensities are reported in most Raman experiments rather than absolute ones. 28 We thus compare the relative Raman scattering activities S / S max · 100 of benzene to experiment in Table II . The PBE0 hybrid functional 29 was used in the computations since it yields good accuracy for frequencydependent polarizabilities 30 and is less susceptible to the polarizability overestimation observed for semilocal functionals 31 due to its contents of Hartree-Fock exchange. Fine numerical integration grids were employed ͓size 4 ͑Ref. 32͔͒, along with the following basis sets: polarized triple zeta ͑TZVPP͒, 33 TZVPP with diffuse augmentation from Dunning's aug-cc-pVTZ basis sets 34 on nonhydrogen atoms, and Sadlej's polarized basis sets. 35 The TZVPP basis set was used for the force constant calculations since the diffuse augmentation has a little effect on the results ͑but considerably increases computation times͒. Calculations using aug-ccpVQZ basis sets 34, 36 for both force constants and polarizability derivatives are included as near basis set limit estimates.
III. RESULTS FOR BENZENE
Generally, PBE0 overestimates the absolute Raman scattering activities of benzene ͑Table I͒ by 10%-15%; this has been observed for smaller molecules before. 11, 37 The deviations from the experimental absolute Raman scattering activities are rather uniform, though, and the relative Raman scattering activities agree with the experimental results within 1% relative to S max ͑Table II͒, the breathing mode 1 being a notable exception. Of particular importance is the fact that the PBE0 calculations correctly predict the ordering of the relative intensities and thus permit a definite assignment for all Raman bands. The TDHF results, on the other hand, show considerably larger deviations ͑up to 6% for relative activities excluding 1 ͒ and do not reproduce the experimental ordering of the band intensities. Diffuse augmentation of the basis sets has a distinct effect on the absolute Raman scattering activities of benzene ͑Table I͒, in line with similar previous observations. 37 The aug-TZVPP basis set results are in good agreement with the large aug-cc-pVQZ basis set, while the TZVPP results show sizeable deviations. The Sadlej basis shows somewhat erratic errors and incorrectly reverses the relative intensities of 6 and 1 . The computed relative Raman scattering activities are less sensitive to basis set size and diffuse augmentation than the absolute intensities. The TZVPP basis set has deficiencies for the breathing mode and some weak modes but provides a reasonable overall description of the Raman spectrum.
IV. CONCLUSIONS
Frequency-dependent polarizability gradients within the TDDFT and TDHF frameworks can be computed roughly at the expense of a single-point polarizability or ground state energy calculation. This corresponds to a reduction of the scaling by one power of the system size compared to previous approaches. The key to this improvement is the elimination of derivative MO coefficients by means of the variational principle. Our stand-alone polarizability gradient code is mainly intended for Raman intensity calculations but may also be used to evaluate vibrational corrections for electronic polarizability. 38 While for the simulation of Raman spectra, derivative MO coefficients have to be computed during a force constant calculation, the present method completely separates this step from the polarizability gradient calculation. Thus diffuse augmented basis sets or hybrid functionals can be used to compute Raman intensities even when this is prohibitive in a force constant calculation. Our results show that diffuse basis functions have a significant effect on Raman intensities, but little effect on harmonic vibrational frequencies, in line with previous studies. 6 For benzene, TDHF Raman intensities are considerably less accurate than PBE0 Raman intensities, while the computational expense is virtually identical. The present treatment includes Raman intensity dispersion and preresonance effects in a natural way; this will be the subject of future investigations.
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